[1] The migration of contaminants through porous conduits (for example, sand layers) in aquitards, or any preferential flow feature within a low-permeability matrix, can be significantly retarded via diffusion into the matrix and processes such as sorption and decay. Previous solutions for simulating contaminant transport in these types of environments have been limited to a parallel-plate approach such as that used in studies of fractured rock aquifers. A major drawback of using these approaches is that they cannot account for the radial component of diffusion that occurs from circular-or elliptical-sectioned conduits. We have developed solutions for both of the latter cases and compared results from generic simulations to those obtained with a conventional parallel-plate model. The results demonstrated using a circular conduit approach can produce concentration profiles for both the conduit and surrounding matrix that are up to several orders of magnitude lower than those predicted using parallel-plate models. The solutions for elliptical-section conduits provide concentration profiles that are bounded by the circular-and parallel-plate models. We also present several generic simulations to demonstrate the effects of conduit radius and average groundwater flow velocity on concentration profiles. Finally, the circular conduit model is applied to a clay-rich till aquitard in southern Saskatchewan, Canada to provide insight into an anomalous dissolved chloride peak in the vertical pore water profile. The model demonstrates that the source of the high Cl À could be as far as 10-100 km from the site (although this distance may be unrealistic) and allows estimation of the Cl À concentration at the source. We envisage that the solutions for conduit diffusion will have far wider applications than just aquitard studies, and future uses may include tracer tests in karstic and fractured aquifers. 
Introduction
[2] The ability of an aquitard to isolate hazardous waste or to protect underlying aquifers from contamination is often controlled by the presence of physical heterogeneity. Surface fractures and faults can significantly enhance the infiltration rate of water and its chemical constituents through what are otherwise very low permeability (K typically < 10 À9 ms À1 ) clay-rich tills [Hendry, 1982; McKay et al., 1993; Gerber et al., 2001] . Numerical discrete-fracture models were developed by Harrison et al. [1992] and Jørgensen et al. [2004] to assess the importance of various scales of aquitard fracturing on contaminant transport to underlying aquifers. Both studies demonstrated that deep, widely spaced fractures with apertures <100 mm could facilitate contamination of an aquifer beneath $15 m of clay-rich till. The natural attenuation properties of aquitards, including their capacity for diffusion and chemical sorption, will, however, retard contaminant migration along fractures, faults, and any other high-permeability features (for example, sand layers). Over the last three decades there have been many studies of solute transport between semi-infinite parallel plates [e.g., Grisak and Pickens, 1980; Lever and Bradbury, 1985; Neretnieks, 1980 Neretnieks, , 1981 Maloszewski and Zuber, 1985 , 1990 Frind, 1981, 1982; Tang et al., 1981 , and many citations of these papers]. These approaches allow the simulation and prediction of solute concentration distributions in either fractured-rock aquifers or classical confined aquifers and can account for processes such as matrix diffusion, chemical sorption, and radioactive decay.
[3] Despite this wealth of literature on contaminant transport phenomena in fractured geologic media, it appears that there have been no studies on the radial diffusive loss of solute mass from conduits of finite cross sections. The transport of contaminants along a circular-sectioned, porous conduit will produce concentration ''halos'' in the surrounding aquitard in the same way that concentration profiles develop in porous, fractured rocks. However, there is an expectation that concentration levels around conduits of circular or other finite cross sections would be different from the parallel-plate models and that these latter models may be inadequate for simulating solute distribution in finite-sectioned conduits and the surrounding aquitard.
[4] Sand-filled channel deposits are ideal for transmitting contaminants through aquitards and are commonly encountered in glacial tills [e.g., Hendry et al., 2004; Gerber et al., 2001] . Even under low hydraulic gradients (i = 10 À4 to 10 À3 ), these depositional features can have such high hydraulic conductivities (K = 10 À3 to 10 À2 m s
À1
) that the average groundwater velocity within them can be on the order of 10 2 to 10 3 m yr
. Thus it is crucial for groundwater managers to have tools to study contaminant transport in these high-permeability conduits.
[5] The main objective of the current study was to develop new models to answer questions such as the following: How close does one have to be to these highpermeability features in order to see evidence of the natural or anthropogenic contaminants they are transporting? Alternatively, how far do contaminants penetrate the surrounding aquitard at different distances and traveltimes from the source? Finally, what is the difference between solute concentration profiles predicted using circular-section conduit models and traditional parallel-plate models bridged by elliptical-section conduit models? Also, the availability of new semi-analytical solutions would provide valuable benchmarks for numerical methods such as finite differences and finite elements.
[6] The final objective of this study was to apply the new models to a field site in southern Saskatchewan, Canada. The King site has been a focal point for aquitard research over the last 10 years and has enhanced our understanding of the complex physical and chemical behavior of these systems. Previous studies at the site have primarily concentrated on estimating geotechnical/ hydraulic properties for the clay-rich till [Shaw and Hendry, 1998; Boldt-Leppin and Hendry, 2003] and interpreting one-dimensional chemical and isotopic profiles [e.g., Hendry and Wassenaar, 1999, 2000; Wassenaar and Hendry, 2000; Vengosh and Hendry, 2001] . In this paper, we investigate the role of physical heterogeneity (sand layers) on solute transport through the till. A sand deposit has been identified at approximately 10-15 m below ground (BG) using drill cuttings/core [Shaw, 1997] , direct-push EC logging Hendry, 2005, 2006] and pore water Cl À profiles . By studying the manner in which these sand features have influenced, and will continue to influence, solute migration through the aquitard, we were able to predict contaminant behavior in other similar hydrogeological settings.
Transport Models for Conduit and Aquitard
[7] The sequence of this section is first to present the concentration transport equations for a solute moving through a conduit of arbitrary cross section and containing a porous medium such as sand with diffusional migration through the surrounding aquitard. Laplace transformation of time dependence of concentrations is then applied to all equations. At this stage the arbitrariness of cross-sectional shape is restricted to circles, ellipses, and parallel lines. Analytical solutions for these shapes are then determined in the Laplace transform domain. Finally, Laplace transform inversion to the real-time domain is achieved by robust numerical methods.
Transport Equations for Matrix and Conduit of Arbitrary Section
[8] Here we use the more general term of matrix rather than aquitard to emphasize the generality of application.
[9] Consider the conduit to be a cylinder of arbitrary cross section with an area W and perimeter G carrying solute, which is sufficiently well mixed that the concentration C c = C c (x, t) is constant throughout the cross section. Here x is the axial coordinate of the conduit and t is time. The one-dimensional mass balance equation of a section of conduit of thickness dx is
The additional definitions of quantities appearing in equation (1) are as follows. n is the average groundwater
; l is a firstorder decay constant (T À1 ); R c is the face retardation coefficient for the conduit (equivalent to that defined by Tang et al. [1981] ); f c and f m are the porosities of the conduit and matrix, respectively (À) (f c = 1 for an open conduit); D m is the effective diffusion coefficient for the matrix [L 2 .T À1 ]; C m = C m (x, r, q, t) is the matrix concentration with polar coordinates (r, q) originating from a central axis of the conduit (Figure 1 ; later these will be specialized to elliptical and Cartesian coordinates); n is the coordinate for the outward normal (L) to the boundary G, and s is the arc coordinate (L) along G in a counterclockwise direction.
[10] Dividing throughout equation (1) by f c D c W dx yields the conduit one-dimensional transport equation for an arbitrary section,
Figure 1. Coordinate systems used for three conduit cross sections as circles, ellipses, and parallel lines.
[11] The two-dimensional equation for diffusion through G into the matrix is given by
where R m is the matrix retardation coefficient. The twodimensional Laplacean, r 2 , will be defined below in polar and elliptical coordinates.
[12] We consider the conduit to be of infinite length, initially the solute concentration being zero everywhere at t = 0 and, for t > 0, the conduit concentration at entry x = 0 is C 0 . Mathematically, these conditions become Initial conditions:
C m ðx; r; q; 0Þ ¼ 0
Boundary conditions, t > 0:
These are the simplest of boundary conditions for the conduit, which can be easily generalized when the conduit is of finite length and the input concentration is different, as for a pulse function. Additionally, there is the interface condition on G,
Laplace Transformation of Equations
[13] The Laplace transforms of C c and C m are now defined by
Taking the Laplace transforms of equations (2) and (3) together with the initial conditions (4) produces, first, the transformed differential equation for the conduit
Some new variables are now introduced to set equation (8) in a more compact form. Define a length w and matrix flux factor f by
In that the transformed boundary condition U m = U c implies that, U m / U c for all (r, q), it is advantageous to introduce U m * defined by
Finally, set
Equation (8) can now be written as
[14] The Laplace transformed matrix equation is simply the modified Helmholtz equation
where
Together with the differential equations (12) and (13), there are the transformed boundary conditions:
For convenience, the inclusions of the Laplace transform variable p in U c and U m have been suppressed.
General Solution of the Conduit Equation for U c
[15] The effect on the conduit equation (12) of the shape of the conduit cross section is contained in the parameter b 2 . This, however, does not prevent solving the conduit equation in general form as
[16] If the length of the conduit were finite, the general solution for U c would be exp(n/(2D c )x) [A cosh a c x + B sinha c x], where the coefficients A and B are easily found from the boundary conditions at each end of the conduit [e.g., Robinson and Sharp, 1997; Robinson et al., 1998 ].
Specific Solutions of Conduit Equations for U c and Matrix Equations for U m
[17] With specialization of conduit cross sections to circles, ellipses, and parallel lines, equation (13), with transformed boundary conditions, can be solved analytically for U m . The shape quantities, W, R G ds, w, within f and required in b 2 , can also be found. Each cross-sectional shape will now be considered in turn.
Circular Cross Section
[18] The natural coordinate system is polar, but because of angular symmetry only the radial coordinate is required. The Laplacean becomes
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where K 0 ( ) is the modified Bessel function of the second kind and order 0. K 0 (a m r) ! 0 as r ! 1, as required by the far field boundary condition of equation (15).
[19] The shape parameters are
and the boundary integrals ratio is 
, a ! b, produces ellipses with constant x values and orthogonal hyperbolae with constant h values. On the boundary, G,
The solution of equation (13) with this form of r 2 and associated boundary conditions (15) is nonstandard. Historically, there has been much work devoted to problems defined within an ellipse for the wave equation [e.g., McLachlan, 1947] . There have been a few papers devoted to transport in porous media focusing on problems in the petroleum industry of wells in petroleum reservoirs of elliptical shape or anisotropic permeabilities or fractures which intersect wells along their length [e.g., Kucuk and Brigham, 1979; Obut and Ertigen, 1987; Spath and Thambynayagam, 1997; Stanislav et al., 1987 Stanislav et al., , 1992 . However, we have neither found solutions to hydrogeological problems involving elliptical geometries and transient behavior nor to other applications that solve the problem at hand. In consequence, details of the solution are given in the Appendix using the notation and essential elements of the problem outlined by McLachlan [1947] . The main results are As defined in the Appendix, ce 2m (h,Àq) is a bounded, oscillatory Mathieu function, q = a 2 m h 2 /4, n 1 (x) = ffiffi ffi q p exp (Àx), n 2 (x) = ffiffi ffi q p exp (x), and determinate coefficients are A ð2mÞ 2j . I j ( ) and K j ( ) are, respectively, modified Bessel functions of first and second kinds and order j. It is shown in the Appendix that U m ! 0 as x ! 1, as required.
[21] The shape parameters are
with E( ) as the complete elliptic integral of the second kind. When a = b, E(0) = p/2 and the above parameters reduce to those of the circle. The flux integral derived in the Appendix is
[22] Numerical computations necessitate the truncation of the infinite series. As indicated in the Appendix the number of terms required for high accuracy is not large.
Parallel Lines
[23] For parallel lines, 2b apart, coordinate y normal to the lines, the two-dimensional problem degenerates to a one-dimensional problem, with
and the solution for U m is simply
This solution gives U c ! 0 as y!1, corresponding to the Cartesian form C m (x, y, z, t) ! C m (x, y, t) y ! 1 = 0.
[24] A simple way to obtain w is to consider a rectangular conduit of depth 2b and width 2a and then let a ! 1, so that
and
Laplace Transform Inversions
[25] Time values C c (x, t) and C m (x, À, t) in any of the forms C m = C m (x, r, q, t), C m = C m (x, x, h, t), or C m = C m (x, z, y, t) are found by Laplace transform inversions [e.g., Carslaw and Jaeger, 1959] :
e pt U c ; U m f g dp ð30Þ
where d is a small constant but sufficiently large to ensure that all singularities in the complex p plane lie to the left of the integral. For finite length conduits it is possible to obtain slowly converging residue series in the conduit as demonstrated in parallel-plate fracture models [Robinson and Sharp, 1997; Robinson et al., 1998 ], but not in the matrix, unless boundary conditions can be imposed at finite distances from the conduit. For infinite length conduits, inversion to analytical integrals in the real domain appears to be a difficult problem unless the parallel line sections prevail, as in the work of Tang et al. [1981] and Sudicky and Frind [1982] , both works providing infinite integrals. However, there are available robust and accurate methods of numerical inversion of Laplace transforms using either direct evaluation of the integral in equation (30), resulting in accelerated Fourier series convergence methods [deHoog et al., 1982; Piessens and Huysmans, 1984] , or the TalbotGreen contour deformation approach [Talbot, 1979; Robinson and Maul, 1991] . Confirmation of the accuracy of the Piessens and Huysmans [1984] routine has been achieved by comparison with the parallel plate, residue series solution [Robinson and Sharp, 1997] .
[26] The rapid Talbot-Green routine was employed for all inversions after very close agreement with the Piessens and Huysmans method (10 -14 decimal place agreement) when applied to the circular section and parallel lines conduit problems for selected parameters.
[27] For steady state conditions, the algebra is essentially the same as the above, and use is made of the Laplace transform properties [e.g., Carslaw and Jaeger, 1959] :
C m ðx; r; q; 1Þ ¼ pU m ðx; r; q; pÞ f g p!0 ð32Þ
[28] If there is no decay then l can be set to zero in the above equations.
Simulations of Conservative Species Transport
[29] Concentration profiles were simulated for a range of likely field situations to demonstrate the differences between conventional parallel-plate models and the new circular-and elliptical-section conduit models. The various simulations also provide quantitative estimates of solute penetration distances along the conduit and into the aquitard under different flow regimes and traveltimes.
Simulation Parameters
[30] Input parameters were based upon real solute properties and a range of likely field conditions. In this paper, we present only the simulation results for the transport of a conservative species, that is, decay and sorption are ignored (l = 0, R c = R m = 1). If decay and/or sorption were included then this would obviously enhance the retardation of solute along the conduit and through the aquitard. For simplicity, we assigned equal values for the effective diffusion coefficients and effective porosities of the conduit and aquitard for all simulations, i.e., D ce = D m and f c = f m (Table 1) . These values correspond to experimental data for the conservative chloride ion in clay-rich till aquitard [Hendry and Wassenaar, 1999] , which will also be used for the case study presented below. The choice of a suitable value for longitudinal dispersivity (a L ) is contentious in any contaminant transport study [Fetter, 1999] . Here we assigned a value of 1 m for the conduit assuming a transport scale of several hundreds to thousands of meters [Gelhar et al., 1992] . A total of six transport scenarios were tested, consisting of three different groundwater velocities (n) in the conduit and two different conduit radii/plate half-widths (Table 1) .
Circular-Section Conduits Versus Parallel Plates
[31] A comparison between the parallel-plate solution of Tang et al. [1981] , with additional porosity between the plates, and our circular conduit solution is provided for model scenarios 2 and 5 (Table 1) in Figures 2a and 2b . The simulated concentration profiles in these two plots show that solute penetrates farther along the aquifer and into the aquitard for larger b values. They also show that the conduit solution always yields lower concentrations than the parallel-plate solution throughout the model domain, but that the difference between the two solutions decreases with increasing values of b.
[32] Figures 2c and 2d present the ratio of relative concentration determined by the circular conduit solution to relative concentration determined by the parallel-plate solution. The x axes in these plots represent what we define as the relative distance x/x 0 , where x 0 is the average distance the solute mass would be expected to move along the aquifer in a specified time if there was no mechanical dispersion nor loss of solute by diffusion into the aquifer (i.e., x 0 = vt). Thus x/x 0 = 1 corresponds to the position x = vt. This graphical approach enables the comparison of concentrations determined by the two solutions for different b values. Comparing Figures 2c  and 2d shows that an increase in b results in better agreement between the two solutions for both the aquifer and aquitard at both early and late time throughout the model domain. For the input parameters used in these simulations, the parallel-plate solution provides an adequate representation of concentration in both the circular conduit and aquitard at early time (i.e., t = 1 yr) for any value of b ! 1 m. However, at a later time (t = 100 yr), increasing the value of b by a factor of 10 only provides reasonable agreement between the two solutions within the first 10% of the model domain (i.e., x/x 0 < 0.1). As x/x 0 ! 1, the parallelplate solution yields concentrations for both the conduit and aquitard that are 10-1000 times greater than the circular conduit solution.
[33] To demonstrate the effects of increasing groundwater flow velocity on the concentration profiles using the parallelplate and circular conduit approaches, we present solutions to scenarios 3 and 6 (Table 1) in Figures 3a -3d . The only difference between these plots and those shown in Figures 2a-2d is that the average groundwater velocity was increased from 100 to 1000 m/yr. Besides an increased scale in the x direction, the concentration profiles in Figures 3a and 3b are essentially the same as those in Figures 2a and 2b which suggest that groundwater velocity alone has little impact on the shape of the concentration profiles and the difference between the parallel-plate and circular conduit solutions. This can be further visualized in Figures 3c and 3d where the only major differences from Figures 2c and 2d are in the early time profiles in the second half of the expected transport domain (i.e., x/x 0 > 0.5).
Comparisons With Elliptical Cross Sections
[34] A series of simulations were run with scenario 2 for the Laplace transform inversion of the solutions for an elliptical cross-sectional conduit given in section 2.4.2. Some of the results are depicted in Figure 4 for t = 100 yrs and, for benchmarking purposes, corresponding numerical values in Tables 2 and 3 Figure 4c . The spread of values is not large, and the form is typical of other a/b ratios. All the curves for q between 20°-90°are almost coincident implying that the normal derivatives of C m are nearly constant along most of the perimeter of this ellipse, which lies close to the long boundary of a bounding rectangle.
[35] In order to perform the calculations, the series expressions of equation (23) are truncated with the number of terms required to give the accuracy shown in Tables 2  and 3 being {2, 5, 11, 23} corresponding to a/b = {1.25, 2.5, 5.0, 10.0}.
[36] To verify the calculations involved with the Mathieu functions, an alternative series solution was used for comparison. This involved adopting a polar coordinate series solution of the modified Helmholtz equation (13) as U m = P 1 n¼0 B 2n K 2n ða m rÞ cos (2nq), where K 2n ( ) are modified Bessel functions of the second kind. Coefficients B 2n were determined from the boundary condition U m = U c using confirmatory boundary methods of least squares minimization and boundary collocation. Up to aspect ratios of 2 -2.5, agreement between the Mathieu function series and polar series was at least six decimal places. Beyond these ratios, severe numerical round off problems occurred with the polar series.
Effects of Velocity and Radius on Solute Penetration From a Circular Conduit
[37] The six simulation scenarios presented in Table 1 were used to demonstrate the sensitivity of the circular-section conduit model to different conduit radii and average groundwater flow velocities. Selected results from these simulations were presented earlier for comparison with the parallel-plate model. However, a more complete set of results for all six simulations is provided in Figures 5a-5f , enabling direct comparison of the solute concentration distributions for different values of b and v. Each plot contains three sets of curves representing short (1 yr), intermediate (10 yr), and long (100 yr) timescales of contaminant transport. The choice of these timescales was considered appropriate for typical ). Increasing the value of v causes solute to penetrate farther along the conduit and into the aquitard over the same time period. However, the difference between the circular-conduit and parallel-plate solutions tends to increase at early time (i.e., t = 1 yr) particularly toward the end of the expected transport domain.
investigations involving anthropogenic contamination of groundwater. (Longer-term simulation results are presented for natural contaminants in the case study below.) The curves within each set in Figures 5a-5f represent various radial distances r from the centre of the conduit, with the shortest distance (uppermost curve) representing the boundary between the conduit and the aquitard. The values of r for the b = 0.1-m simulations (Figures 5a, 5c , 5e) increase incrementally by 0.1 m; however, this scale is obviously inappropriate for the b = 1-m simulations, so the r increment in these cases is 0.5 m (Figures 5b, 5d, 5f ).
[38] The results presented in Figure 5 suggest that, for a larger conduit radius, the solute will penetrate farther along the conduit and deeper into the aquitard in a given time. Increasing the average groundwater flow velocity will also lead to farther penetration along the conduit. However, with increasing flow velocity, the magnitudes of the concentration profiles at various radial distances into the aquitard remain essentially unchanged in the first 10% of the expected transport domain. For example, Figures 5d and  5f show concentration profiles at 0.5-m radial increments for cases of v = 100 m/yr and v = 1000 m/yr, respectively (b = 1 m). In comparing the long-term solutions, we see that the concentration profiles are the same in both plots for r = 1, 1.5, 2, 2.5, and 3 m in the first 10% of the expected transport domain (i.e., the first 1000 m and 10,000 m for Figures 5d and 5f , respectively). Therefore we suggest that varying the groundwater velocity in the conduit will only affect depths of solute penetration into the aquitard for relative distances z/z 0 > 0.1.
Nondimensional Results
[39] In addition to the dimensional results presented above, it is useful to have nondimensional results for wider application. To do this the cross-sectional length parameter w, as a ratio of conduit cross-sectional area to conduit perimeter defined by equation (9), is used. Multiplying both sides of differential equations (2) and (3) by w 2 produces the (Table 1) at t = 100 yrs. In Figure 4a , concentrations correspond to axial values along the conduits and at their surfaces. In Figure 4b , radial values of relative concentration within the aquitard are displayed for x = 50 m. Graphs in Figure 4c are representative of variations in concentrations around the perimeter of an ellipse of a/b = 5 with q = 0°, 10°, and 90°. Values of q from 20°-90°graphically are close to coincidental.
nondimensional equations (except for C c and C m , which can be scaled by C 0 )
The nondimensional quantities are defined as follows:
Figure 5. (a-f) Relative concentration profiles for simulation scenarios 1-6 (Table 1 ) determined using the circular-conduit model. Results are presented for three different times as follows: t = 1 yr (dashed lines), t = 10 yr (grey lines), and t = 100 yr (black lines). Curves represent various radial distances from the center of the conduit, with the right-and uppermost curve of each set representing the conduit-aquitard interface, and each successive curve representing incremental distances into the aquitard (0.1 m for scenarios 1-3, 0.5 m for scenarios 4-6).
Increasing v by an order of magnitude results in a near proportional increase in the horizontal distribution of solute in the conduit and aquitard, but very minor changes in concentration distribution at radial distances away from the conduit. Increasing b by an order of magnitude results in an almost proportional increase in horizontal migration along the conduit, as well as much higher concentrations in the surrounding aquitard.
The matrix flux factor F m is defined by
The procedure for the Laplace transform solution is much the same as for the dimensional equation system.
[40] With quantities C c /C 0 , C m /C 0 , x*, y*, z*, b 1 , b 2 , b 3 , l*, t* to be evaluated, there are too many combinations to present all possibilities here, and, as in the dimensional case, a restricted set is examined. Scenario 2 is adopted as a base case, and attention is given to variations in b 1 , b 2 , and b 3 with discrete values of x*, y*, z*, (l* = 0), and t*. The base case values provide w = 0.1 for parallel plates and b 1 = 0.1, b 2 = 6.6 Â 10 À5 and b 3 = 9.9 Â 10
À6
. The circular conduit radius is doubled in order to maintain the same w. By holding b 2 and b 3 constant and varying b 1 it can be seen from Figure 6 for circular sections and parallel plates that at a particular value of x = 50 m or x* = 500 and times t = {1, 10, 100} yrs or t* = {0.66, 6.6, 66}, the magnitude of the axial concentration, C c /C 0 , increases as b 1 increases. One way of interpreting this is to increase n in b 1 = wv/D c and hold w and D c constant. A higher velocity will increase downstream concentrations at particular positions as would be required and already shown in Figures 3a and 3b . The increased spread between circular section and parallel-plate results for increasing time is also consistent with that shown in Figures 2a and 2b . In similar fashion of varying b 2 only as in Figure 7 and b 3 only as in Figure 8 [Christiansen, 1986; Shaw and Hendry, 1998 ]. Hydrogeological and hydrochemical studies conducted at the site over the last 10 years have determined that the K of the unoxidized and unfractured till is extremely low (K < 10 À10 m s
À1
) and that solute transport is dominated by diffusion rather than advection [e.g., Harrington and Hendry, 2005; Hendry and Wassenaar, 1999, 2000; .
Evidence of Physical Heterogeneity
[42] The Battleford till was previously considered to be homogeneous in terms of its mineralogy and grain-size distribution [Shaw, 1997; Yan et al., 2001] . However, the . Three sets of curves are given for t = {1, 10, 100} yrs or t* = {0.66, 6.6, 66}. 
Drilling Observations and Hydraulic Measurements
[43] Four phases of rotary auger drilling were carried out at the site over the last 10 years, allowing the installation of four series of piezometers (B, BD, BJ, and BG series) with each series designed to suit specific experimental purposes. Several boreholes in each series were cored at the time of drilling for subsequent mineralogical and pore water chemical analyses. Many of the cores recovered from 10-15 m BG contained a mediumto coarse-grained sand layer within the fine-grained, clayey till matrix. For example, Shaw [1997] noted that sand streaks are present in most B-series cores collected between 11 -15 m. Thin sand layers were also observed in cores from the BD-series and BJ-series wells at this depth. Most recently, six BG-series piezometers were installed at the site after direct-push electrical conductivity (D-P EC) logging during May-June 2004 revealed a 0.8-4.5-mthick sand deposit in four locations [Harrington and Hendry, 2005] . Boreholes were drilled and cored at these four sites to confirm that the EC anomalies observed between 9.4 -15.9 m BG were, in fact, sand and to provide sediment samples for grain-size analysis. The K of the sand extracted from the cores was estimated from grainsize distribution curves using the method of Hazen [1892] and ranged between 1.4 Â 10 À2 to 2.3 Â 10 À2 ms À1 (uniformity coefficients were $3.3). Groundwater samples were also taken from the BG-series piezometers for major ion and radiocarbon analysis (see below).
[44] Water-level recovery data from 20 B-series piezometers were used by Shaw [1997] to calculate values of K for each piezometer using the method of Hvorslev [1951] . We reevaluated Shaw's original K values using more extensive water-level data and produced a similar depth profile (Figure 9a ). The vertical profile indicates that K is greatest, albeit highly variable, in the top 4 -8 m BG which is consistent with the fractured and highly oxidized nature of the till in this zone [Shaw and Hendry, 1998 ]. The till becomes unoxidized below 6 -8 m depth due to an absence of fractures, and accordingly, the value of K between 8 -10 m BG is relatively low compared with shallower depths. Between 10-15 m BG the value of K increases toward a local peak value $5 Â 10 À10 ms À1 before decreasing to values <1 Â 10 À10 ms À1 throughout the remaining till. The localized peak in K at around 12-15 m BG is presumed to reflect the influence of the more permeable sand deposit.
Pore Water Chloride Distribution
[45] Several hundred hydrochemical analyses of water samples collected from more than 50 piezometers have shown the till water is Na + -SO 4 2À dominated. The mechanisms responsible for the chemical evolution from rainwater to this Na + -SO 4 2À type are primarily oxidation of reduced sulfur compounds (for example, FeS 2 ), dissolution of gypsum, and cation exchange of Ca 2+ for Na + on clay-mineral surfaces . These reactions occur in the shallow, oxidized zone of the till, resulting in an accumulation of dissolved salts that are ultimately transported to deeper, fresher parts of the till by diffusion. Hence vertical profiles of most major ion species and some isotopic species (for example, d ions that exhibit atypical and unexplainable vertical profiles through till are the halides, chloride, and bromide . Figure 9b shows the vertical distribution of pore water Cl À concentration from all four series of piezometers. A similar trend (not shown) exists for Br À concentration . The most striking feature of the Cl À profile in Figure 9b is the peak in concentration between 10-20 m BG. suggested that this peak reflects the impact of the sand deposit. They used one-dimensional advection-diffusion models to estimate a timescale of 5 kyr for the development of the diffusion profile below the peak. However, even with the aid of chlorine isotope techniques ( 36 Cl, d
37 Cl), they were unable to determine the source and evolution of the Cl À peak.
[46] We investigated several possible mechanisms for the origin of the Cl À peak, including (1) salinity stratification in connate water at the time of till deposition, (2) evaporative concentration of rainfall at the ground surface during a more arid period than currently exists, and (3) contamination somewhere off-site and transport along the sand layers. One-dimensional advection-diffusion models similar to those applied by were used to test the first two of these possible mechanisms. For the case where the Cl À peak commenced at the time of till deposition, we ran a series of numerical model simulations with each having a different initial Cl À concentration in the peak zone. Regardless of the initial concentration, we found that after a timescale commensurate with the age of the till (15 -30 kyr [Christiansen, 1971; Hendry and Wassenaar, 1999; Wassenaar and Hendry, 2000] ) the simulated Cl À peaks (not shown) were much broader than the observed profile shown in Figure 9b . Therefore it is highly unlikely that the Cl À peak is a remnant feature from till deposition; this finding is consistent with the assumption that depositional water chemistries were homogeneous throughout the till .
[47] Pore water d 2 H and 14 C-DOC (dissolved organic carbon) data suggest that a warm altithermal period may have occurred 10 -12 kyr BP [Hendry and Wassenaar, 1999, 2005] . We used both an analytical solution and a simple numerical model to simulate the movement of a high-Cl À source from the water table commencing 10 kyr BP. This modeling resulted in the development of broad, subdued Cl À peaks similar to those obtained for the depositional Cl À mechanism (above). To displace the Cl À peak from the water table (1 -3 m BG) to its current position (11 -13 m BG) in the 10 kyr timescale also required pore water velocities up to an order of magnitude greater than the 0.8 m per 10 kyr used in previous modeling studies at the site [Hendry and Wassenaar, 1999; . Therefore it is unlikely that this mechanism is responsible for the current Cl À peak.
[48] The only plausible hypothesis for the origin of the Cl À peak is that it is associated with the sand deposit and is imported from somewhere off-site. Figure 10 shows a contour map of pore water Cl À concentration in piezometers screened between 10-20 m BG. Also shown are the locations of all wells and D-P EC logs. The apparent encroachment of high Cl À into the center of the site from the north is also consistent with locations where we observed sand in the BG-series boreholes [Harrington and Hendry, 2006] .
[49] Sampling of the BG-series piezometers (the only piezometers completed in the sands) during 2004 confirmed earlier observations that niether of the major ions (except ) in piezometers constructed between 10 -20 m below ground (triangles). Circles mark the locations of piezometers screened either above or below this zone. The zone of high Cl À coincides with locations where a sand deposit was observed in drill cuttings, cores, and Direct Push EC logs [Harrington and Hendry, 2006] . O/ 16 O) differ from the general depth trends in the aquitard. The fact that no other chemical or isotopic species exhibits peaks at the same depth suggests that the source water associated with the Cl À peak must undergo the same geochemical interactions as all other till pore water. To further investigate the processes associated with Cl À transport along sand deposit, we utilized the solutions for radial diffusion from conduits presented earlier.
Application of Conduit Diffusion Models
[50] The various forms of sand deposit observed at the site range in thickness from 1 Â 10 À2 m (as streaks) to $4 m (as channels). The discontinuity of these features between adjacent boreholes in an E-W orientation means they have limited lateral extent across the site and should be treated as conduits rather than parallel plates for contaminant transport purposes. However, to be able to import Cl À to the site from the north implies that the conduits must be more laterally extensive in the N-S direction. We used the circular conduit solution to model Cl À transport through the sand because we could not adequately characterize the geometry of the deposit for applying the elliptical crosssection model. Nevertheless, as observed in section 3.3, the circular conduit solutions provide the maximum loss of solute by radial diffusion into the matrix.
[51] On the basis of the range of K values determined for the sand deposit (1.4 Â 10 À2 to 2.3 Â 10 À2 ms
À1
) and the low horizontal hydraulic gradient across the site ($0.0005), we estimated an average groundwater velocity of 1000 myr À1 for Cl À transport through the conduit. To reflect the range of observed conduit radii and the likely timescales for Cl À transport, we ran four model simulations comprising two different values for b (0.1 and 1 m) and two simulation times (1 and 10 kyr). Thus the range of input parameters, including porosities and effective diffusion coefficients, correspond to the generic scenarios 3 and 6 (Table 1) .
[52] Results for the King site application are presented in Figures 11a and 11b with each plot containing model output at various radial distances up to 10 m from the edge of the conduit for the two simulation times. Because the only difference between the two plots is the value of b, the different results are consistent with the observations we made earlier for the generic simulations (cf. Figures 5e and 5f ). Figure 11 provides several useful insights to the origin and evolution of the Cl À peak at the site. First, the curves representing Cl À concentration in the conduit (i.e., r = 0.1 m and r = 1 m in Figure 11a and 11b, respectively) suggest that if the source of high Cl À commenced 1 -10 kyr BP then it might be as far away as 10-100 km. This distance is extreme and most likely impossible to achieve given the changes in landscape and geology over this scale. Nevertheless, the model demonstrates that the source of high Cl À may be far from the site. The concentration profiles shown in Figure 11 for various radial distances indicate that even if the source is only 1-10 km off-site then we should be able to observe evidence of the Cl À pulse in the till at distances of 5 -10 m from the perimeter of the conduit. This explains why we see relatively high Cl À concentrations in the 10-20 m BG zone several meters away from the nearest sand observation. Finally, by selecting a suitable conduit concentration curve from either Figures 11a or 11b , one can estimate a value of C/C 0 at any distance x to calculate the Cl À concentration of the source. Because we are not confident in suggesting that the source is 10-100 km away, we provide an example assuming the source is only 1000 m away. In this case, the value of C/C 0 in the conduit at x = 1000 m is 0.62-0.69 after 1-10 kyr for b = 0.1 m (Figure 11a ) and 0.99 after 1 -10 kyr for b = 1 m (Figure 11b ). Therefore the Cl À concentration at the source, C 0 is 152-242 mg/L (1.01 -1.62 Â C) if we assume an average peak Cl À concentration of 150 mg/L at x =1000 m (Figure 9b) . A cursory review of any possible high-Cl À features in the surrounding landscape has so far failed to reveal the source, but we now have an understanding of how and over what scales the Cl À peak may have evolved.
Concluding Remarks
[53] Sand deposits are common in many aquitards. These features can provide preferential pathways for solutes, including contaminants, to advect through what is otherwise a diffusion-dominated environment. We developed and applied mathematical models to assess the effects of sand deposits (porous conduits) on solute transport in aquitards. The model solutions account for advective transport of reactive solutes through porous conduits of either circular or elliptical cross sections, with simultaneous loss of solute mass by radial diffusion into the surrounding aquitard.
[54] A comparison of simulation results for solute transport within parallel planar aquifers, circular-section conduits, and various elliptical-section conduits revealed significant differences in predicted concentration, both along the aquifer/conduit axis and at various radial distances into the matrix. The results suggest that using a conventional parallel-plate approach to predict solute transport within and around permeable conduits in an aquitard will yield significantly lower concentrations than those predicted using a circular conduit approach, or even an elliptical conduit of aspect ratio a/b < 10.
[55] Numerous simulations were performed to investigate the effects of different conduit radii (circular-section conduits) and groundwater velocities under typical field conditions. They showed that increasing the average groundwater velocity by an order of magnitude (from 100 to 1000 m yr
À1
) yielded an almost proportional increase in the distance of horizontal solute penetration along the conduit. In contrast, increasing the conduit radius resulted in disproportionate increases in both conduit and aquitard concentrations throughout the model domain.
[56] A circular-sectioned conduit model was used to provide insight into the source of an anomalously highCl À peak observed 10-15 m BG in clay-rich till at the King research site in southern Saskatchewan, Canada. Physical characteristics, chemical and isotopic trends, and model results indicate the source of high Cl À is most likely associated with a sand deposit at the same depth. Model results further showed that the Cl À could come from as far away as 10-100 km. The results were also used to estimate a Cl À concentration of 150 -250 mg/L for the source assuming a transport distance of 1000 m. The simulations demonstrate how evidence of high-Cl À transport along the sand deposit can be observed up to 10 m into the aquitard. We suggest that the presence of anomalous concentration data in aquitards, such as measured at the King site, could be caused by diffusion of solutes from permeable conduits. With models such as those we have presented, one can use the concentration data to help locate these conduits and provide insight into the source area for the solute and the length of time that the solute has migrated along the conduit.
[57] We expect that the model solutions presented in this study will be useful for predicting the transport behavior of anthropogenic contaminants in future aquitard studies. In addition, there are a number of other potential hydrogeological applications for these models that do not involve aquitards. These include solute transport within paleochannel aquifers, applied tracer tests in karst environments, radial diffusion of salts from pervious pipes, and tracer studies within partially cemented or closed fractures. Regardless of the application, the challenge will always be to define the geometry of the conduit and its flow conditions. Nevertheless, the generic and applied model solutions that we have presented demonstrate the importance of using a conduit approach instead of, or in addition to, the traditional parallel-plate models in many field situations.
where the A ð2mÞ 2r are coefficients associated with, and determined by, the infinite set of separation constants e 2m . The derivation process for A ð2mÞ 2r and a suitable form of Fek 2m (x ,Àq) will be given below.
[63] To solve for the boundary condition U m = U c at x = x 0 , the following identity is used [McLachlan, 1947, p. 209] where I r ( ) and K r ( ) are, respectively, modified Bessel functions of the first and second kinds of orders r and n 1 (x) = ffiffi ffi q p exp (Àx), n 2 (x) = ffiffi ffi q p exp (x). G 2m is a coefficient which cancels in the ratio of the solution for U m in equation (A8). Its definition is given in the work of McLachlan [1947, p.248] .
[65] To form the integral R G @U m /@n ds, it is noted that, from the work of McLachlan [1947, p.172] , @U m /@n = 1/l 1 @U m /@x and ds = l 1 dh. Although l 1 = 1/2 (cosh 2x À cos 2h), it will not appear in the conversion of the integral to (x, h) coordinates. After substituting equations (A9) into (A8) then forming the derivative @U m /@x, then , and the identities I r 0 (n) = I r+1 (n) + r/n I r (n) and K r 0 (n) = ÀK r+1 (n) + r/n K r (n) have been used.
[66] Convergence in all the summations above is rapid, typically requiring 10 -20 terms for 14 decimal place accuracy.
[67] The determination of separation constants e 2m and associated coefficients A ð2mÞ 2r is now examined. When the series expression for ce 2m (h, Àq), given in equation (A5), is substituted in the differential equation (A3) and cosine coefficients are equated, an infinite series of coupled equations result which involve q, e, and A 2r , r = 0,. . .1.
[68] Traditionally, as in the work of McLachlan [1947] , e is first calculated from a transcendental equation involving infinite continued fractions for which there are infinite numbers of solutions, e 2m , m = 0,. . .1. A ð2mÞ 2r are then found by back substitution in terms of q, e 2m , and A ð2mÞ 0 . The number of equations needed is not large, usually five more than that required in the summations of Mathieu functions. However, as Vega [2003] showed, the process is not straightforward numerically, requiring matching of low-order separation constant calculations with separate high-order calculations. A more recent approach is to pose the calculations as an eigenvalue-eigenvector problem [Chaos-Cador and Ley-Koo, 2002; Stammes and Spjelkavik, 1995; Vega, 2003] . The separation constants are the eigenvalues, and the A 2r coefficients become those of the eigenvectors. This particular approach used here is very straightforward, numerically robust, and eigenvalues and eigenvectors are calculated in one process using the complex valued routine CEIGV of EISPACK [Smith et al., 1976] .
[69] Although the constants A
can be absorbed into the coefficients B 2m , it is convenient to use scale factors upon which are based the identities used to obtain the solution for U m .
[70] It has been tacitly assumed that the eigenvalues are single valued. This is true for q real. However, for q complex, double-valued eigenvalues may occur at discrete q. An extensive set of tables produced by Blanch and Clemm [1969] show that these eigenvalues are not closely spaced. Should these repeated eigenvalues occur during calculations, the normalization expression (A12) cannot be formed [Abramowitz and Stegun, 1965, p.732] , and the expression (A7) for B 2m will not be valid. However, this difficulty can be avoided by changing values of p (thence q), done by changing the number of terms selected in the Talbot-Green, Laplace transform inversion method.
